ON THE SPECTRAL THEORY OF SYMMETRIC
FINITE OPERATORS(Y)

BY
HARRO HEUSER

Let A be a linear operator defined on a linear system X and let N(4 —\I)
be the null space, R(4 —NI) the range of A —\I, and X an arbitrary complex
number. We call 4 a finite operator if for each A>“0 the dimensions of
N(A —\I) and X/R(A —\I) are finite and equal. The present paper is con-
cerned with an iteration method for determining characteristic values and
characteristic elements of symmetric finite operators on a not necessarily
complete Hilbert space X and with the structure of the spectrum of such
operators. The following two theorems are the basis of our exposition.

THEOREM 1. If A is a symmetric finite operator on X and Co(A) its con-
tinuous spectrum, then Ca(A)— {0} consists of all the limit points of character-
istic values of A which are different from zero and no characteristic values them-
selves(?).

THEOREM 2. If A is a symmetric finite operator on X and A#O0, then A
has a characteristic value different from zero and each element Ax can be ex-
panded in a series

1) Az = 3 (Ax,e)e = X Az, e)e,

e¢€E ¢€E
where E is a complete orthonormal system of characteristic elements of A cor-
responding to the characteristic values different from zero(3).

Theorem 2 gives rise to a convenient definition. We say that a number
A0 contributes to the element x if X actually appears in the series (1). It is
readily seen that this definition does not depend on the particular system, E,
chosen.

In the following, it will be convenient to suppose that 4 is not only sym-
metric and finite, but also bounded and positive. Excluding the trivial case
A =0, we further assume throughout 40. Under these assumptions, the
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(%) A proof of this theorem can be found in [1]. The results of this thesis will be published
in a forthcoming paper in the Mathematische Zeitschrift.
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that the series (1) contains only those terms for which (x, ) 0. The number of those terms is at
most enumerable.
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set of characteristic values A#0 of A4 is a nonempty bounded set of positive
numbers. At the end of this paper it will be shown how to eliminate the
hypothesis 4 =0.

After these preliminary remarks we can prove the following theorem:

THEOREM 3. Let x be an element of X with Ax#0. Then at least one char-
acteristic value of A contributes to x, and limy..., (|| 4*x||/|| 4% x||) exists and is
equal to the least upper bound of all characteristic values contributing to x.

Proof. The first assertion follows directly from Theorem 2. Now let
e1, e, - + - be the sequence of elements of E for which (x, €) #0, A;, Ay, - - -
the sequence of the corresponding characteristic values, and let u be the least
upper bound of these ;. Consider the series

@ 33 @0 @ e

=1 k=1
If [¢] <1/p, then the series D su; |§')\;|"(x, e,o)l2 is obviously convergent
and has the sum ([¢A:]/(1 — [N (x, e)|2 Since |[oh:|/(1 — |eN])
= | §| uw/(1— | y] u), and since the series 27-1 (x, €:) | 2 converges by virtue of
Bessel’s inequality, it follows that the series _so,( l{)\;[ /(11— | f)\;| ))I (x, e;)l 2
is also convergent. Hence, by Cauchy’s theorem, the rearranged series

222 N (m e |?
k=1 i=1
converges in the circle I ¢ I <1/p. Since by Theorem 1
Akx = Z )\’:(x, e.-)e.~
tm=l

and therefore

E — .k ]
(3) (A X, x) = E xtl (x’ et‘)l ’
t=1
we see that the power series
4 2 (4kx, 2)¢*
k=1

converges in |{ | <1/u. On the other hand, this series cannot converge for
any value of { with |§‘| >1/p, since otherwise all the series Y sm; (YNo)*
would be convergent by the same type of argument used above, which con-
tradicts the fact that there is a N; with |{\:| >1. Therefore the radius of
convergence of the power series (3) equals 1/p from which we infer that
p=lim supi.. (4*x, x)1/*. Now by the generalized Schwarz inequality [3,
p. 260]
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(A*x, x)? = (A¥x, Ax)? < (A% 'z, x)(A¥14%, Ax) = (4% 1, 2)(4A*H 1, x)
and therefore
(42,%) _ (4¥1z, 2)
(4%1z,2) = (4*, 2)

from which it follows that the sequence (4*x, x)/(4* ', x) converges. This
implies convergence of the sequence (4*x, x)!/*, so that

u = lim (A*x, x)V*k,

k— o

It follows that

p = lim (A%, )% = lim (4*x, A*x)1/% = lim (|| 4*]|)1*
k— o I 2 X E— o
and since the sequence ||4*x||/||4*x| converges [3, p. 238], u must equal
lim; .., (||4*x]|/||4*x]|), which completes the proof.
Theorem 3 does not tell us whether or not u contributes to x. The next
theorem will close this gap.

THEOREM 4. Let Ax be different from zero and let

L
t~e || 4% ]|
Then
lili—=0 Jor X > pu;
k— oo kk ’
o N4k : ,
im —— = 0, when u does not contribute to x;
E— o 1’3
) o
im = p # 0, when u contributes to x; p
E— o 1’3

equals the length of the projection of x on N(A —ul) along R(A —ul);

lard _ 0 <<
JMim = for [
Proof. By Theorem 2 we have
Ax = 2 \(x, e)es, (x, ) =0 fori=1,2,..-,
=1

from which it follows that for any A\; %0
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)

“A"x”2 (A*x, A*x)  (A%zx, x) = /AN \*
Nk E .Z-:1<—) | (x, e [

Now let A>\;, so that 0<(\;/A) <1 for =1, 2, - - - . Given an arbitrary
number €>0 there exists a number N(e€) such that

|(x)e€)|2<%'

i=N+1
Obviously, since 0 <(A\;/N) <1,
© >\i 2k €
(6) > (—) |(x,e;)|2<— fork=1,2,.:.-
i=N+1 \ A 2
and
N )\‘, 2k €
M Z(;) | (x, &) |2 < - for k> ko(e) = N(o).
=1
It follows from (5), (6), and (7) that
] f
o <e or k> ko(e);

so that lim., (”A"x“/)\") =0. Observing that by Theorem 3 A\;<u when u
does not contribute to x the first two assertions of Theorem 4 follow.
Now let u contribute to x and for the sake of simplicity, let

p.=)\1=)\2="'=)\,.,[l.>>\,’ fori>n.
By (5) we have
A*Fx
L S fwatr £ (XY T al

i==l t=n+1

By the same argument as above it is seen that the last term of this equation
tends to zero as k tends to infinity so that

Akx
® 31,”“” (gnx,eol) —p>0

which proves the third assertion of Theorem 4.
If, finally, 0 <\ <g, there exists by Theorem 3 a characteristic value, say
A1, such that A <), and since by (5)

I, (5,
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the last assertion of our theorem follows readily(%).

We see by Theorem 4 that u can be characterized as the greatest lower
bound of all real X for which lim..., (||4*x||/\*) =0.

The proof of Theorem 3 depends essentially on the fact that for l;l <1/u
the quantities Ig‘)\;l/(l— |§‘)\.~|) have a finite upper bound. This no longer
needs to be true when { equals 1/p. In this case Theorem 3 does not provide
any information about the series (4). But by a closer inspection of the oper-
ator A we can prove the following theorem relating the convergence of the
series (4) for { =1/u to the contribution of u to x.

THEOREM 5. Let Ax 0 and p=lim,., (||A*x||/||4*x||). Then the series

0 Ak ,
9) kE S._i;_i)

converges if and only if u does not contribute to x.

We first take up the easier part of the proof. If the series (9) converges
then the sequence (4*x, x)/u* tends to zero as k— « and so does the sequence
(A%*x, x)/u*= (”A"” /u*)% Therefore by Theorem 4 we can infer that u does
not contribute to x.

Now let the real number Ay 520 be in the resolvent set or the continuous
spectrum of 4 and let X be the closure of X. The adjoint transformation A4*
is a self-adjoint extension of 4, defined on X, and X is in the resolvent set
or the continuous spectrum of A* [1, Paragraph 5]. Therefore (4*—N\oI)™!
exists and, by the definition of 4, X lies in the domain of (4*—X\,I)~L. By
[3, pp. 342 and 346] we see that

f_: <>\ j M)zd(Exx’ &

exists for every x in X, where E, is the resolution of the identity correspond-
ing to A*. Since the system of characteristic elements of A* is complete in
X and since the characteristic manifolds of 4* and 4 which correspond to
the same characteristic value X 0 coincide [1, Paragraph 5], it follows that
the series

(10) Z‘?( : : >2| (x e |?

converges for every x in X; {e} is the sequence of elements of E for which
(e, x) #0.

Now let Ao #0 be a characteristic value of 4 which does not contribute
to x. It follows that x is orthogonal to the characteristic manifold N(4 —\oI).
Since by the definition of 4, X is the direct sum

(%) An analogous theorem for arbitrary symmetric operators is proved in [4].
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X = N(4 — NoI) + R(4 — \ol)

we infer that x, as well as all the characteristic elements corresponding to
characteristic values N 3N\, lies in the linear system R(4 —\oI). Now A4 is a
symmetric finite operator A’ on R(4 —\oI) [1, Paragraph 2] and by Theorem 1
Ao is in the resolvent set or the continuous spectrum of A4’. Since each char-
acteristic value N #X\, of 4 is a characteristic value of 4’ and vice versa and
since the corresponding characteristic manifolds are equal, it follows that the
series (10) converges for each x orthogonal to N(4 —\oI). We may summarize
these results by stating that the series (10) converges for any x to which
Mo #0 does not contribute.

If Ao #0 does not contribute to x, then \¢ does not contribute to Ax either.
Therefore, the series

S(—) lunal = £(2) @ al

=1 \As — Ao =1 \As — Ao

is convergent. It follows that the series

© A
11
(1) gki")\o

I (x) e!') I2

is also convergent. Suppose now that N¢=p and that pu does not contribute

to x. By Theorem 3 we have \; <p for all characteristic values \; contributing

to x, therefore the series (11) converges absolutely for Ag=p and we have
A

g N — | (2, e |2 = “§§(7>|(x,e.~)|.

By rearranging this series and by using the identity (3) we see that the series
(9) converges.

This completes the proof.

The following theorem shows that the usual iteration method [2; 3,
p. 237; 5] for determining characteristic values and characteristic elements
can be successfully applied if the iteration sequence A*x/ ”A"x” converges.

THEOREM 6. Let Ax be different from zero. The sequence A*x/||A*x| con-
verges to an element hEX if and only if p=limy.., (|| 4*x| /|| A*x||) contributes
to x. In this case h is a normed characteristic element corresponding to the char-
acteristic value u. If u does not contribute to x, then A*x/ ||A"x” converges weakly
to zero.

Proof. Let u contribute to x and for the sake of simplicity, let u=X\
=Ny= - -+ =N\, p>N\; for 1>, in the expansion

(12) Ax = i Az, e)es.

fe=1
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We then have
Akx _ Akx  uk _ uk [
[ 4rad]  wr o [[A%a]| [ 44|

n 0 A\ k
2 (mede+ 2 <ﬁ> (=, Gt)ea‘:l-
=1 i=ntl \ M
Now as k— o the sequence D i=.1 (\i/w)*(x, €,)e; tends to zero (see the
proof of Theorem 4) and the sequence u*/ ”A"x“ tends to (D_r-, | (x, e;) | -1z
by Theorem 4. Therefore A*x/||A*x|| converges to a normed characteristic
element corresponding to p.

Now we suppose that u does not contribute to x. Then all the character-
istic values \; in (11) are less than u by virtue of Theorem 3. If ¢ is an element
of E, we have

Oincasee # ¢€;, 1t = 1,2, -,

( Ak ) _1_( i Nz, e e) _

[ )~ i\ = Tty (o) mcasee = e
Since 0 <\;<p, the sequence \}/ “A"x” converges to zero as k— « by Theo-
rem 4. Therefore we have

lim (2 0 f €E
Jim (HA"x” ) e) or every e .
Recalling Theorem 2 we infer that (4*x/||4*x||, ¥)—0 for every y in the
closure Y of 4 X. Obviously (A"x/”A"x”, 2) =0 for every zin the orthogonal
complement of Y in X, thus it follows that for every element zEX
limy.., (A*x/||A*x||, ) =0. Hence A¥x/||A*x|| converges weakly to zero. We
see by this result, that if 4 does not contribute to x the sequence A*x/||4*x||
cannot converge strongly, because otherwise its limit would equal the weak
limit 0 which is impossible, since 4*x/||A*x|| is a normed element.
This completes the proof of Theorem 6.

COROLLARY. Suppose Ax #0. Then p=limy..., (||4*x||/||4*x||) contributes
to x if and only if there is a positive constant o (which depends only on x but not
on k) such that

(13 4% o 4] fork=1,2,- .

Proof. Let u contribute to x. Then by Theorem 6 the sequence A*x/|| 4*x]|
converges to a characteristic element % corresponding to u. Therefore

[ A%z 1 || 4542
lim (——, x) = lim -——— (4*%x, A*x) = lim —— =
2o \[| A% r-e || 474 2o || A%]|

(h, x) is different from zero, otherwise (%, A"x/”A"x”) =(1/”A"x”)(A"h, x)
= (;u"/HA"x”)(h, x) would equal zero and, by Theorem 4, limy_.,, (%, A"x/”A“x”)
=(h, k) would equal zero contrary to h#0. Therefore it follows that the

(h, x).
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sequence || 4*x||2/||A%x|| has a positive lower bound 1/a so that (13) holds.
If on the other hand (13) is valid, then (A%x/||4%zx||, x), and therefore
(A*x/||A*x||, x) cannot converge to zero. Hence, by Theorem 6, p contributes
to x.

For the rest of this paper we need a concept first introduced by Wavre
[4]. We call a bounded symmetric operator B regular, if for each element x
of its domain with Bx#0, lims., (||B*x||/uf) is different from zero
(where p,=lim; ., (| B=||/||B¥|)) ).

THEOREM 7. A is regular if and only if for each xEX with Ax#0 the char-
acteristic values contributing to x can be arranged in a nonincreasing sequence.

Proof. Suppose first that the characteristic values \; contributing to x can
be arranged in a nonincreasing sequence A;=XAy= : : + =N, DA u = - - -
Then sup X\; =X\, so that the least upper bound of the A,’s contributes to x.
By Theorems 3 and 4 we have therefore lim; .., (“A"x]l /uE) #0, hence 4 is
regular.

Now let A be regular and Ax0. Then with u=p, we have by Theorems
3 and 4

Ax = D u(x, e)e; + E Ni(x, e)es, \i <u fori=n+1,n+4+2,---.
1= t=n+1
Since, by the definition of 4, x=e+f, eEN(4 —pl), fER(A —pl), it follows
that

n o0
Ae — Y u(x, e)e; = 3 Ailx, e)es — Af.
fm=1 fu=n+41
The first term of this equation is an element of N(4 —ul), the second term
is an element of R(4 —uI), but because these two linear systems are orthog-
onal to each other both terms must vanish. Therefore

0 0
Af = 2 Me+fe)e = 25 N(f, edes,
$=n+-1 tm=n+1
since (e, ;) =0 for i=n+1. gy =supizn41 N is equal to one of the N\/’s,i=n+1,
because A is regular, and therefore u; <p,. The proof can now be finished by
mathematical induction.

Next we consider the relation between the regularity of 4* and the spec-
trum of A. In order to state Theorem 8 it is convenient to introduce the
following definition.

We say that 4 has a band spectrum if every limit point X0 of character-
istic values of A can be approximated only by characteristic values greater

(%) The existence of these limits is proved in [4].
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than Ag (so that in a left-hand neighborhood A¢— e <A <\, there are no char-
acteristic values).

It follows immediately that the number of these limit points is at most
enumerable.

THEOREM 8. A has a band spectrum if and only if A* is regular.

Proof. Let A* be regular and let \o0 be a limit point of characteristic
values of A*. Suppose there is a sequence of different characteristic values
N#0of A* 4=1,2, - - ., with \;<No, \;—No for t—> o, Let oy, a0, + - -, be
an arbitrary sequence of complex numbers with D 2, |e|2<+ », a0,
and consider the element £= Y %, a.¢; of X, where ¢, is a normed character-
istic element corresponding to A;. Since Aa;#0 we have

(14) A*2 = D Nages # 0.

tm=1

The proofs of the Theorems 3 and 4 were based only on the expansion (1)
and the positiveness of 4. Here we have the expansion (14), and the positive-
ness of 4* follows readily from the positiveness of 4. Hence both theorems
hold for A*# and it results that

”(A*)%” ”(A*)".f”
li i =M\ y li ——— = ()
t—»malo “(A*)"“a'c” sup A ° x-.m: A

But the last equation contradicts the regularity of 4*. Hence \¢ cannot be
approximated by characteristic values less than \y. Therefore 4* has a band
spectrum. Since the characteristic values 0 of 4 and A* are the same by
[1, Paragraph 5], it follows that 4 has also a band spectrum.

Now suppose that 4 has a band spectrum and let # be an arbitrary ele-
ment in X with A*£5£0. Then the expansion

A*z = Z )\,‘(:2, ee;
fu=l
is valid, where the e,’s are in E and the \,’s are the corresponding character-
istic values of 4 (see [1, Paragraph 5]). By Theorem 3 we infer from this
expansion that ps=lim;.. (||(4%)*2]|/|(4 *)¥-1g||) equals sup A;. But since 4
has a band spectrum, sup \; is one of the characteristic values A, Ag, * - -,
hence, by Theorem 4, lim;.., (”(A *)"ai” /uz) %0, i.e. A* is regular.

The regularity of 4 does not imply that 4 has a band spectrum. Consider
for example the space X of all sequences {al, s, + + - } of complex numbers
where only finitely many e; are different from zero and define the linear oper-
tions and the inner product in the usual way. Define an operator 4 on X by
the diagonal matrix
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A1 0
A2
0

\.=1—1/n. A is obviously symmetric, positive, finite and regular but has no
band spectrum because the characteristic values N, approximate their limit
point 1 from the left side.

Suppose now that the operator 4 on X is finite, symmetric and bounded,
but not necessarily positive. Then A? is finite by [1, Paragraph 2] and obvi-
ously symmetric, bounded and positive. Thus all our theorems can be applied
to A2 and we can deduce from them, in the conventional way, the cor-
responding theorems for 4. Without going into detail we state only the fol-
lowing theorem.

THEOREM 9. Let A be a finite, symmetric and bounded operator on X and
Ax7#0. Then the sequence A%/ ”A”‘x” converges to an element hC X if and only
if ul'? or — ul'? 4s a characteristic value of A contributing to x, where
p=lime.,, (||4%x]|/||4%2%|). If h exists, at least one of the elements

¢ = h+ (1/u?) Ak, e = b — (1/ui) Ak

is a characteristic element of A corresponding to the characteristic value u''® or
—ul'? respectively.

This theorem follows immediately from Theorems 2 and 6, since Aé¢’
=ull%’, de'’ = —pul'%'" and at least one of the elements ¢, ¢’ is different
from zero, because ¢’ +¢’’ =h and k0.
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